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Numerical Solutions Of Some Nonlinear Partial
Differential Equations By The Decomposition
Method
Abstract

In this paper, the Adomian decomposition method
(ADM) and the modified decomposition method (MDM) have
been implemented for finding the solutions of Korteweg —de
Vries and modified Korteweg —de Vries equations. The
precision and speed of convergence of the numerical solution
are verified through tables and illustrations via Mathematica

software.
Keywords: Adomian decomposition method, Modified Adomian decomposition
Method, Generalized KdV equation, Cole-Hopf transformation solutions.

1. Introduction

The study of nonlinear partial differential equations
(PDE’s) has a crucial important role in various fields of
mathematics and physics. The behavior of the nonlinearity
hides most of interesting features of physical systems and can
be studied with appropriate methods designed to tackle
nonlinear phenomena. In last recent decades, there has been
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great development of literature in solving linear and nonlinear
problems such as Bicklund’s transformation, Darboux’s
transformation, Cole-Hopf transformation, inverse scattering
method [5,8,13,18,19]. Methods involving hyperbolic
functions are used for finding the solitary travelling wave
solutions for example Tanh method [24], extended tanh
method [26], modified extended tanh method with Riccati
equation, sech method, extended sech method [10,11], a mixed
sech-tanh methods and so on.

The methods of decomposing has been the subject of
extensive analytical and numerical studies. In particular, the
Adomian decomposition method ADM [6,7] has emerged as a
powerful technique for large and general class of linear and
nonlinear ordinary differential equations (ODE’s) as well as
partial differential equations (PDE’s), algebraic, integro-
differential, differential-delay equations [6,7]. The method is
efficient in solving initial-value or boundary value problems
without unphysical restrictive assumptions such as
linearization, perturbation and so forth. The ADM provides the
solution in an infinite series that converges rapidly with
elegant computable components [6,7]. In recent years a large
amount of research work concerning the developing of the
ADM is investigated. Wazwaz [21] proposed a powerful
modification, namely the modified Decomposition Method
(MDM), based on dividing the function fthat arises from

integrating the non-homogeneous term and using the provided
conditions 1into two practical parts £, f,. This modification

may give the exact solution for nonlinear equations by using
two iterations only and without the use of the so-called
Adomian polynomials. However the criteria of being
fconsists of one term remains unsolved so far, and the
success of this modification depends on the proper choice of

the split. Following that Wazwaz and El-Sayed [23] presented
a new modification that replaces the process of dividing the
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function by a series of infinite components. Recently, the
Improved ADM (IADM) was introduced by Abassy [2,3] to
overcome non-homogeneous problems with nonlinear
invertible operators. ADM- Padé technique [1] is used to
extend the domain of the solution and gain better accuracy.

Recently, Kaya and Aassila [16] applied the
decomposition method to rational and travelling wave
solutions of homogeneous and non-homogenous initial-value
Korteweg —de Vries (KdV) equations in case of n=1. Abassy
et al. [1] used the ADM- Padé¢ technique to enhance the
accuracy of rational and travelling wave solutions of
homogeneous and initial-value KdV equations.

In this presented work, we shall consider the initial-
value Korteweg —de Vries (KdV) equation [10.] in the form:

u, +ouu, + pu, . =0

2.2
u(x,0)= 427m 3 , A ,%,azu;tcz
(e/lcx +m2e—lcx) Hc

Where cis the wave number, @ is the wave speed and m is a
modulus that 0 <m? <1.

The initial-value modified Korteweg —de Vries (mKdV)
equation [11] in the form:

2 —
u, +ouu, +pu,. =0

-1
u(x,0)= \/E(ez + EezJ

Where Eis a positive constant, c is the wave number.

2. Analysis of the used method
According to Adomian [6,7] KdV and mKdV equations in
operator form:
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Lu+aNu+ulLu=0

sides of (3), gives:

u(x,t)=u(x,0)— aLt_lNu — th_leu

The method assumes that the unknown function u(x,?) is
decomposed into an infinite series of the form:

u(x,t)= i uy (x,1)
k=0

and the nonlinear operator Nu =u"u,, n=1,2 into the infinite
series of the so-called Adomian polynomials given by:
Nu=u"u, =) 4,

k=0
These polynomials can be defined as:

1 dk o0 ;
A =———|N| Dy, k>0
k!'d Ak = o

Evaluating the formula in
Error! Reference source not found., we list the first few
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Adomian polynomials:

AO = uon (uO )x
Al = u0_1+n (nl/ll (Z/lo)x + u() (ul )x)
1 _
Ay = g (L a2 (1),

+ 2ug (nuy (uy)  +uy(uy),))
1

Ay =g (2 =30+ )+ 31+ g (uy),
+ 6nugu (=1 +n)u, (uy), +ug(uy), )+ 6“02 (nu3(uy)

+nuy (1)), +uy(u3),))

A = i(((—s +n) (=2 + n)(=1+ n)nuy " u,?

+12(=2 + n)(=1+ n)nuy > "uu,

+12(=1+ n)nuy > "uy” + 24(=1+ n)nug[x, 11" uguy
+24nuy My )ug) , + H(=2 + n)(=1+n)nuy
+ 6(=1+ mynuy gy + 6nuy” " uy ) uy),
+12((=1+ n)nuy " + 2muy " "uy \uy)

+ 24nuy” My (uy)  + 24ug" (uy) )

and so on.

Substituting (5) and (6) into (4) we obtain the subsequent
components by the following recursive equations :
uy =u(x,0)

Following the methodology of the modified
decomposition method (MDM) [21], the zeroth components
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uy = f 1s possibly to be divided into two parts £, f; . Hence,

the modified recursive scheme takes the form:

uy = fo

w = fy —al Ay — ply L

Up = —aL,_lAk — ,uL,_leuk k>1

The practical solution of u(x,f) will be the k" —term
approximation i _as:

k-1
i Sxt) k=21

M

i=0
where i approaches u(x,t) as k — oo.

3. Numerical Results, Diagrams and Discussion

3.1. The Korteweg —de Vries (Kdv) equation
Considering the initial value problem in (1), a series expansion
of few components of u(x,?) using the ADM (8) and the
modified ADM (9) is given by (respectively):
u(x,t) =uy +uy +...
2exA 242
_ 4o 7mA 2 _|_320r°2cxl_m2( 2cx,1_m2)t/15(cz 4cx_¢1ﬂ+czm4ﬂ

((’ 2exA +m2)

0 2 @ - 10 ) 2%+ m?)

u(x,t) =uy +u, +...

4m*2? _
_ +_(ﬁ2cx/1+m2) 44m2/12(m6—8c3 6cx-%l%3,u
a 2exA n m2

— 2 2 mt (<1 + Actad® + 4323 1)

+ 0 Y (1= 8ctad® +326%10° 1)) +...
The analytical solution [10] takes the form:
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42°m? )
u(x,t) = 2,22 —3,0::12;102
e/lcx—a)t " m2 e—/lcx—a)t) e

In order to numerically verify the accuracy of the used
methods, we evaluate the values of the parameters to be
assumed as m=0.5,¢=0.25, u=1 a=0.75 ,w=0.015625.

A numerical comparison is presented in Table .1 along with a
graphical representation of the k" —term approximated solution
with the aid of Mathematica. Values of percentage relative
errors p(%) are compiled in Table .1, the errors calculated

show that a high accurate approximated solution is obtained
by using only three terms of the methods considered.
Furthermore, Enhancing the precision by making errors grow
smaller would require adding more terms to the decomposition
series.

Table 1 The numerical results of f” approximations in (11) and (12) in

comparison with the analytical solution (13).

t=2x10 t=2x10" t=2x10"

X ADM MDM ADM MDM ADM MDM

0.001274  0.0011193  0.00001275 0.00001274 1.27579x1 1.27577x1

34 7 77 22 0’ 0’
s 0005770 0.0056839 ~ 0.00005771 ~0.00005770 ~5.77182x1 5.77182x1
o 66 9 81 95 0’ 0’
05 0009636 0.0095965 0.00009637 0.00009637 9.63745x1 9.63744x1
- 84 2 44 04 07’ 07’
05 0012638 0o o 0.00012638  0.00012638 1.263_§6x1 1.263_§6x1
6 6 5 0 0
L5 0014789 e 0.00014789  0.00014789 1.478}23X1 1.47823X1
8 3 2 0 0
”s 0.0156244 0.0162431 0.000616243 0.00051 6243 1.6281_%5x1 1.62(4)1%5x1
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Figure 1 The corresponding decomposition method solution for (13) when

-3 ~
t =2x10 " sec. Exact u(x, t ) (solid line), Approximation 1 ~ (dashed Line),
Error (dot-dashed line).
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Figure 2 The behavior of The corresponding decomposition method surfaces
for (13) when ¢t €[0,2 x 10_1] sec.

Figure 3 The Cole —Hopf surface (13).

3.2. The modified Korteweg —de Vries (mKdV)
equation

Considering the initial value problem in (2), a series expansion

of few components of u(x,¢) using the ADM (8) is given by :
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u(x,t):uo +u1 +...

cX
_A24E

“ +E
+2-“EQa—-11*u)8'( “+E)y* +...

The analytical solution [11] is:

2( cx E)\/_t(cz 2cx +CZE2/J

1

-1
1 1 3
cx—f,uc t) —(cx—yc tj
u(x,t)=+E| e ( +Ee L 4

with £=0.5,¢=0.5 £=1 a numerical comparison is presented
in Table .2 along with a graphical representation of the 3 —
term and 7" —term approximated ADM’ solution (for more
details see [6,21]). With the aid of Mathematica the percentage
relative errors for given values of time and space values are
tabulated in Table 2. These errors proves the efficiency of the
method considered, and for few terms of the decomposition
series the solution converge rabidly. Finally, its concluded
that the numerical results justify the advantage of the
methodology of ADM as well as MDM.

Table 2 The numerical results of 1~” (14) in comparison with the analytical

solution.
t=2x10" t=2x10" t=2x10"
X, k=3 k=7 k=3 k=7 k=3 k=7
10 7.02431x 1.21528x1 0 0 1.21159x%1 1.21159x1
- 10-12 O-14 . . 0—14 0-14
1.21713x 1.59855x%1 1.595x10° 1.595x10°
-5 9 ‘14 14 14 0. 0.
10 0
0 8.70945x  1.17635x1 1.17756x%1 1.17756x1  2.35514x1  2.35514x1
10710 04 o4 o4 014 o4
5 5.87186x% 1.42217x1 1.42623x1 1.42623x1 1.42627x1 1.42627x1
10710 014 o014 o014 014 o014
2.9182x1 1.19579x%1 1.19947x1 1.19947x1
10 0 014 014 014 0. 0.
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Figure 4 The values of percentage relative error of the decomposition method

solution 1~ when 7 =2x 107,2x107,2x10" sec (respectively ).

11 2016 ppagi sl el dupdl alds don



duladll ddgb plaaiul dadjisdl adplaidl aislenll el disaell Jglall
anad aliap dobla i/ uihuall pualp) xpap 3goan

Figure 5 The behavior of The corresponding decomposition method surface for

(15) when ¢ €[0,2 x 1()_1] sec.

Figure 6 The Cole -Hopf Surface (15).

4. Conclusion

In this study, The ADM and the MDM have been
successfully employed for finding the solution of Korteweg —
de Vries and modified Korteweg —de Vries equations when
n=1,2 with initial conditions. The results obtained are

satisfactory for both ADM and MDM. Also, a high degree of
accuracy is gained within few iterations and without restrictive
assumptions. The numerical results show that the MDM is
slightly more effective for the given IVP.
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