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Relationship Between T,-space and An Idempotent
function

Abstract:

Let X be aset and g :X — X be an idempotent function.
In this case we have g(X)=g . , and if we defined C(4) =4 U

g(A) for all ASX then g can determines a topology in a set
X we will call it a topology induced by a function g and

denote to it by 1, . Now if (X, Tg] is a T;-space we will show

that g must be an idempotent map and X must be a discrete
topological space.

Key words: An idempotent function , discrete space , T-
space.

Introduction:

If we have a finite T'-space (X, T), then (X, T) must be a
discrete topological space, because if we suppose that (X, T) is
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an any finite 7)-space.Then by [Theorem 1-4] every single
subset {x} of X is closed in (X, T).Since X is finite, it follows
that any subset of X is closed, since it is a finite union of
closed single sets. Thus any subset of X, as a complement of a
closed set, is open in X, and hence X is a discrete space. But
now the equation is that: Can we get the same resale if X is an
any set (may it is not finite set)?. Theorem 2-7 will show that
for any X, the pair (X,7.) is a Ti-space where g is an
idempotent function ,and 7, is a topology induced by the map
g.

1- Basic Concepts:

Definition 1-1
Let X be any set, then a function g :X — X is said to be
an idempotent function if : g =ge°g=g.

Example 1-2
Let X= {a ,b ,c}and let g: X —X defined by:
x if x#b
g(x)= _ forall xe X .
a if x=b

Then g (g(@) =a=gla),
g (g(b)) = a=g (b),
and g (g(c)) = ¢ =g(c).
Therefore g (x) = g(x) for all xe X , and hence g is an
idempotent function .

Definition 1-3

A topological space X is a T;-space if and only if when
ever X and ¥ are distinct points in X, there is a neighborhood
of each not containing the other.
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Theorem 1-4 [2]
Let X be any topological space then the following are
equivalent :
(1) Xis Tj-space .
(2) {x} 1sclosed forall xe X .
(3) Forany AcX, A=N{U: Uisopen,AcCU} .

Theorem 1-5 [2]
Given a set X and any family ¥ of subsets of X
satisfying the conditions :
(1) Any intersection of members of ¥ belongs to V.
(2) Any finite union of members of ¥ belongsto V¥ .
(3) ® and X both belongto V.
Then the collection of complements of members of ¥ 1is a
topology on X in which the family of closed sets is just ¥ .

Theorem 1-6 [2]
If we have a set X and a mapping g : P(X)—P(X)
satisfying the conditions :
(a) Acg(4) forany ACX.
(b) g(g(A))=g(4) forany ACX.
(c) g(AUB)= g(4)Ug(B) for any A,BcX.
(d) g(P)=D.
Then g defines a topology on X in which the closure of 4 in X
is g (4), and the closure operation is just g.

2- Topologies induced by an idempotent functions:

Definition 2-1
Let g be an idempotent function on a set X . Then we
define :

(1) gp={xeX:g(x)=x}
(2) CA)=4U g(4) forall ASX .
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Theorem 2-2 [3]

Let g :X—X be an idempotent function . Then the
operation
C :P(X)—P(X) defined by C(4) = AUg(A) for all AcX is a
topological closure operation in the set X .
Definition 2-3

Let g : X—>X be an idempotent function, and let C
:P(X)—P(X) defined by C(4) = A4 U g(A) for each AcX and let
¥ = {C(4) : AcX} . Then the topology 7z, ={F‘:Fe¥} is
called the topology induced by the map g.
Example 2-4

Let X be any set and let i :P(X)—P(X) be the identity
map then i is an idempotent map and the topology induced by
i 1is the discrete topology .
Theorem 2-5 [3]

Let g :X—X be an idempotent map then :
(a) i = g(Xx).
(b) For every element x of X the one element set {x} is closed
in the topology induced by g ifand only if xe g, .

Theorem 2-6

The frontier of any one element set in (X, rgj where 7,

is the topology induced by an idempotent map g is either
empty or a one element set.

Proof:
Suppose that (X, 7,) is a topological space , where 7, is
the topology induced by an idempotent map g , and suppose

Fr({x}); that is (frontier of {x}) is not empty and not a one
element set for some x €X. Let v,v' € Fr({x}). Where

y#y, 50 ¥,y € CxHNCX N\ {x}) = [{x} Ug(xHINIEX
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rHUgX\ (x5 so 3,5 € {x}U g({x}), and 3," € (X'\
rHUgX\ {x}) — (1)

So we have two cases :

Case (1)
If y#x,y #x thenby (I) we have y, ¥ € g(x). So
g(x) =y, and g(x)=y', where y =y’ which is a contradiction.

Case (2)

If x=y or x=y'. Suppose x =Y', then x # . So by
() wehave x,y € {x}U g(x),so yeg(x), and hence g(x)=
y.Sincex,y € (X\ {x}) U gX\ {x}), xe(X\ {x}), sox €
g(X\ {x}), and there exists z € (X\ {x}) such that g(z) =x.
Now (g°g)(2) = g(g(2)) = gx) =y that is (g°g)(z) =y #g(z) = x
which is a contradiction .So Fr({x}) is either empty or a one
element set for any x € X.

Theorem 2-7

If (X,7,) isa T\-space, then g is the identity map
and 1, 1s the discrete topology .

Proof:

Let (X,7,) be a T-space , then by [Theorem 1-4]
every one element set {x} is closed , so C({x}) = {x} for all
x € X.

But C({x})={x}Ug({x})={x}; that is g({x})={x}. Therefore
xe g, forallx € X, and since g(x) =x forallx € X, so g is
the identity map. Now we need to prove that 7, is the

discrete topology on X , since g(4) = A for all ACX , and
since C(A) =AU g(4)=AUA = A4, so any subset of X is a
closed set , and for any x €EX we have 4 = X\ {x} is a
closed set, so {x} 1is an open setin X, and hence 7, is the

discrete topology .
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